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THE SINGULARITIES AND KODAIRA DIMENSION OF UNITARY
SHIMURA VARIETIES
YOTA MAEDA
Abstract. The Kodaira dimension of Shimura varieties have been studied by many
people. Kondo and Gritsenko-Hulek-Sankaran studied the singularities of orthogo-
nal Shimura varieties related with the moduli spaces of polarized K3 surfaces, and
proved that they have canonical singularities and they are of general type if the po-
larization degree is sufficiently large. In this paper, we work on similar problems for
Shimura varieties associated with Hermitian forms of signature p1, nq. We show that
they have canonical singularities if n ą 4. As an application, we show that certain
unitary Shimura varieties associated with Hermitian forms over the rings of integers
of Qp?´1q, Qp?´3q are of general type. We use modular forms of low weight van-
ishing on ramification divisors which are the restrictions of the quasi-pullbacks of the
Borcherds form Φ12.
1. Introduction
The Kodaira dimension of Shimura varieties have been studied by many people;
see [10], [19], [20], [21]. Kondo and Gritsenko-Hulek-Sankaran studied singularities
of orthogonal Shimura varieties related with the moduli spaces of polarized K3 sur-
faces, and proved that they have canonical singularities and they are of general type
if the polarization degree is sufficiently large. In this paper, we prove that the unitary
Shimura varieties associated with Hermitian forms of signature p1, nq have canonical
singularities if n ą 4 and investigate their toroidal compactifications. As an applica-
tion, we prove that certain unitary Shimura varieties over Qp?´1q and Qp?´3q are of
general type, by using modular forms of low weight vanishing on ramification divisors
which are the restrictions of the quasi-pullbacks of the Borcherds form Φ12.
Let F :“ Qp?dq be an imaginary quadratic field with ring of integers OF , where
d ă 0 is a square-free negative integer. Let L be a free OF -module of rank n ` 1
equipped with a non-degenerate Hermitian form x , y : L ˆ L Ñ F for some n ą 0.
Such a pair pL, x , yq is called a Hermitian lattice. Let
L_ :“ tv P LbOF F | TrF {Qxv, wy P Z for any w P Lu
be the dual Hermitian lattice. The quotient L_{L is a finite abelian group called the
discriminant group. We fix an embedding F ãÑ C, and assume that x , y has signature
p1, nq.
Let UpLq be the unitary group associated with pL, x , yq. It is a group scheme over
Z defined by
UpLqpRq :“ tg P GLRpLbZ Rq | xgv, gwy “ xv, wy for any v, w P LbZ Ru
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for any Z-algebra R. Let DL be the Hermitian symmetric domain associated with
UpLqpRq – Up1, nq, i.e.
DL :“ trws P PpLbOF Cq | xw, wy ą 0u.
Then DL is biholomorphic to the n-dimensional complex ball
DL – tpz1, . . . , znq P Cn | |z1|2 ` ¨ ¨ ¨ ` |zn|2 ă 1u.
We define the discriminant kernel rUpLq of L as follows:rUpLq :“ tg P UpLqpZq | g|L_{L “ idu.
For a finite index subgroup Γ Ă UpLqpZq, we put
FLpΓq :“ ΓzDL.
It is called the unitary Shimura variety. It is a quasi-projective variety over C. In this
paper, we shall study the singularities and the Kodaira dimension of FLpΓq.
Here is the first main theorem of this paper.
Theorem 1.1. Let Γ Ă UpLqpZq be a finite index subgroup.
(1) Assume n ą 3. Then FLpΓq has canonical singularities away from the ramifi-
cation divisors of DL Ñ FLpΓq. Moreover, if n ą 4, then FLpΓq has canonical
singularities at all points.
(2) There exists a toroidal compactification FLpΓq of FLpΓq which has canonical
singularities over cusps. Moreover, there exist no ramification divisors through
cusps.
(For precise statements, see Corollary 3.9, Corollary 3.14 and Theorem 4.5.)
As an application, we shall show that certain unitary Shimura varieties associated
with Hermitian forms over the rings of integers of Qp?´1q or Qp?´3q are of general
type.
Assume that the Hermitian lattice pL, x , yq is even, i.e. xv, vy P Z for any v P L.
Let pLQ, p , qq be the even quadratic lattice of rank 2n` 2 over Z of signature p2, 2nq,
where LQ is L considered as a free Z-module and p , q :“ TrF {Qx , y is a quadratic
form over Z. Let II2,26 be an even unimodular quadratic lattice of rank 28 over Z with
signature (2,26), i.e.
II2,26 :“ U‘2 ‘ E8p´1q‘3.
Here, U denotes the hyperbolic lattice of signature p1, 1q and E8 is the (positive def-
inite) root lattice corresponding to the root system E8. Similarly, Ak and Dk denote
the (positive definite) root lattices corresponding to the root systems Ak and Dk,
respectively. Assume that there exists a primitive embedding pLQ, p , qq ãÑ II2,26.
As the second main theorem of this paper, we study the Kodaira dimension of the
unitary Shimura varieties for Γ “ rUpLq. We shall show that the unitary Shimura
variety FLprUpLqq is of general type under some assumptions on F and the orthogonal
complement pLQqK of LQ in II2,26. For a non-degenerate quadratic lattice M , we
denote by rpMq the number of p´2q-vectors in M . For any element r P LQ satisfying
pr, rq ­“ 0, we define the reflection σr P OpLQqpQq with respect to r as follows:
σrpℓq :“ ℓ´ 2pℓ, rqpr, rq r.
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Theorem 1.2. Let L be an even Hermitian lattice of signature p1, nq and LQ be
the associated quadratic lattice of signature p2, 2nq as above. We assume that there
exists a primitive embedding of LQ into II2,26 such that rppLQqKq ą 0 and one of the
following conditions is satisfied.
(1) F “ Qp?´1q and n ą rppLQqKq{4` 6.
(2) F “ Qp?´3q and n ą rppLQqKq{6` 4.
Moreover, assume that rppLQqKq ă rppLQqKr q is satisfied for any r P LQ such that
´σr P rO`pLQq, where pLQqr :“ rK Ă LQ. Then the unitary Shimura variety FLprUpLqq
is of general type.
Here rO`pLQq is a finite index subgroup of the orthogonal group OpLQqpZq. (See
Section 6 for the definition.)
Corollary 1.3. Let L be an even Hermitian lattice and LQ be an associated quadratic
lattice as above. We assume that there exists a primitive embedding of LQ into II2,26,
and one of the following conditions is satisfied.
(1) F “ Qp?´1q and the orthogonal complement pLQqK of LQ in II2,26 is isometric
to A1p´1q‘2 or A2p´1q‘2.
(2) F “ Qp?´3q and the orthogonal complement pLQqK of LQ in II2,26 is isometric
to A2p´1q‘k p1 ď k ď 4q, D4p´1q or A2p´1q ‘ D4p´1q.
Then the unitary Shimura variety FLprUpLqq is of general type.
(For details, see Theorem 6.1 and Theorem 6.2. For examples of Hermitian lattices
satisfying the above conditions, see Section 7.)
Remark 1.4. The final condition in Theorem 1.2 holds if and only if the quasi-pullback
of the Borcherds form Φ12 to DLQ vanishes on the ramification divisors. For details,
see Lemma 5.5.
Here is a sketch of the proofs of Theorem 1.1 and Theorem 1.2. We basically follow
the strategy of Kondo [20] and Gritsenko-Hulek-Sankaran [10]. In order to study
the singularities of FLpΓq, we calculate the eigenvalues of finite groups acting on the
tangent spaces of FLpΓq, and prove Theorem 1.1 (1). These calculation are different
from [10] because of the property of given pairing. We also prove branch divisors are
defined by reflections. Theorem 1.1 (2) is proved by the same way as 0-dimensional
cusps of orthogonal Shimura varieties. Finally, by “the low weight cusp form trick”,
we show some unitary Shimura varieties are of general type. We use modular forms of
low weight vanishing on ramification divisors which are the restrictions of the quasi-
pullbacks of the Borcherds form.
The outline of this paper is as follows. In Section 2, we introduce the notations
about unitary Shimura varieties and recall how to embed unitary Shimura varieties
into orthogonal Shimura varieties. In Section 3, we work on singularities of the inte-
rior of FLpΓq. We use the Reid-Shepherd-Barron-Tai criterion (Theorem 3.1) to prove
that FLpΓq has canonical singularities. In Section 4, we introduce toroidal compact-
ifications of FLpΓq and show that there exist toroidal compactifications which have
canonical singularities and no ramification divisors in the boundary components. In
Section 5, we review some property of modular forms vanishing on ramification divi-
sors and state its relation with the Kodaira dimension of unitary Shimura varieties.
In Section 6, we prove Theorem 1.2. Finally, in Section 7, we give some examples of
Hermitian forms satisfying the assumptions of Theorem 1.2.
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Remark 1.5. Classically, Kondo studied the Kodaira dimension of the moduli spaces
of polarized K3 surfaces is non-negative [19], [20]. He used the Borcherds form Φ12,
which is a modular form of weight 12 on the Hermitian symmetric domain associated
with SOp2, 26q. He proved if the polarization degree is sufficiently large, then the
quasi-pullback of Φ12 to the Hermitian symmetric domain associated with SOp2, 19q
is a cusp form. By Freitag’s criterion [7], it concludes that Kodaira dimension of the
moduli spaces of polarized K3 surfaces is non-negative. Gritsenko-Hulek-Sankaran
generalized Kondo’s results and obtained better results on the Kodaira dimension.
They, first, clarified the relation of the Kodaira dimension with reflective modular
forms. It is worth remarking that Borcherds products is effective way to construct
reflective modular forms. Second, they constructed toroidal compactifications of or-
thogonal Shimura varieties which have canonical singularities and there is no branch
divisors in the boundary components. Then they gave an application to the Kodaira
dimension.
Remark 1.6. There is another approach to the Kodaira dimension. Gritsenko-Hulek-
Sankaran [11], [12] and Ma [21] calculated the Hirzebruch-Mumford volume and showed
the Kodaira dimension of more general orthogonal Shimura varieties are non-negative
or of general type. We do not consider this approach in this paper.
Remark 1.7. In a subsequent paper [22], we will prove some unitary Shimura varieties
have Kodaira dimension ´8 by using reflective modular forms of sufficiently high
weight (as opposed to modular forms of low weight vanishing on ramification divisors
used in this paper). Such modular forms are called strongly reflective in [8].
2. Unitary Shimura varieties
Let F :“ Qp?dq be an imaginary quadratic field with ring of integers OF , where
d ă 0 is a square-free negative integer. We fix an embedding F ãÑ C. Let L be a free
OF -module of rank n`1 equipped with a non-degenerate Hermitian form x , y : LˆLÑ
F . Such a pair pL, x , yq is called Hermitian lattice. In the following, we assume that
pL, x , yq has signature p1, nq for some n ą 0. Let
L_ :“ tv P LbOF F | TrF {Qxv, wy P Z for any w P Lu
be the dual Hermitian lattice. We say L is unimodular if L “ L_. The quotient L_{L
is a finite abelian group called the discriminant group. We define the unitary group
UpLq which is a group scheme over Z defined by
UpLqpRq :“ tg P GLRpLbZ Rq | xgv, gwy “ xv, wy for any v, w P LbZ Ru,
for any Z-algebra R. We also define the discriminant kernel rUpLq byrUpLq :“ tg P UpLqpZq | g|L_{L “ idu.
We remark that rUpLq is a finite index subgroup of UpLqpZq.
Let DL be the Hermitian symmetric domain associated with UpLqpRq – Up1, nq, i.e.
DL :“ trws P PpLbOF Cq | xw, wy ą 0u,
which is an n-dimensional complex analytic space. If we take the diagonal matrix
diagp1,´1, . . . ,´1q as the above Hermitian form over C and rws “ r1 : z1 : ¨ ¨ ¨ : zns P
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PpL bOF Cq as a representative of w P L bOF C, then xw, wy ą 0 is equivalent to
|z1|2 ` ¨ ¨ ¨ ` |zn|2 ă 1. Hence DL is biholomorphic to the n-dimensional complex ball
tpz1, . . . , znq P Cn | |z1|2 ` ¨ ¨ ¨ ` |zn|2 ă 1u.
For a finite index subgroup Γ Ă UpLqpZq, we put
FLpΓq :“ ΓzDL.
It is the main object treated in this paper and we call it the unitary Shimura variety. It
is a quasi-projective variety over C. The canonical map from DL to FLpΓq is denoted
by πΓ : DL Ñ FLpΓq.
For any element r P L satisfying xr, ry ­“ 0, we define the reflection τr P UpLqpQq
with respect to r as follows:
τrpℓq :“ ℓ´ 2xℓ, ryxr, ry r.
The union of ramification divisors of πΓ : DL Ñ FLpΓq is defined byď
˘rPL:primitive
τrPΓ or ´τrPΓ
tw P DL | xw, ry “ 0u.
See Corollary 3.11.
In the following, we recall how to embed unitary Shimura varieties into orthogonal
Shimura varieties. We follow Hofmann’s paper [16].
Let pLQ, p , qq be the quadratic lattice of 2pn ` 1q-dimension over Z of signature
p2, 2nq where LQ is L considered as a free Z-module and p , q :“ TrF {Qx , y. We put
DLQ :“ tw P PpLQ bZ Cq | pw,wq “ 0, pw,wq ą 0u`.
Here ` denotes one of its two connected components. Then DLQ is the Hermitian
symmetric domain associated with SOpLQqpRq – SOp2, 2nqpRq.
Then we get an embedding
UpLq – Up1, nq ãÑ SOpLQq – SOp2, 2nq
so that
ι : DL ãÑ DLQ .(2.1)
For each element λ P L with λ ­“ 0, we define the special divisors Hpλq Ă DL and
H pλq Ă DLQ by
Hpλq :“ tw P DL | xw, λy “ 0u,
H pλq :“ tw P DLQ | pw, λq “ 0u.
This map (2.1) sends “special divisors on DL” to “special divisors on DLQ”.
Lemma 2.1. For λ P L with λ ­“ 0, we have
ιpHpλqq “ ιpDLq XH pλq Ă DLQ
as sets.
Proof. See [16, Lemma 3]. 
Lemma 2.2. Let λ, λ1 P L be elements satisfying xλ, λy “ xλ1, λ1y ­“ 0. Then
Hpλq “ Hpλ1q
if and only if λ “ aλ1 for some a P OˆF .
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Proof. If λ “ aλ1 for some a P OˆF , then we have xv, λy “ axv, λy for any v P L. Hence
we have Hpλq “ Hpλ1q. Conversely, if Hpλq “ Hpλ1q, then λK “ pλ1qK in L bOF F .
Hence λ “ aλ1 for some a P Fˆ. Since xλ, λy “ aaxλ1, λ1y ­“ 0, we have aa “ 1. Hence
we have a P OˆF . 
Lemma 2.3. Let λ, λ1 P LQ be elements satisfying pλ, λq “ pλ1, λ1q. Then
H pλq “ H pλ1q
if and only if λ “ ˘λ1.
Proof. This follows by the same way as the proof of Lemma 2.2. 
Lemma 2.4. Let w be the order of the multiplicative group OˆF . Then for λ P L
satisfying 2xλ, λy “ pλ, λq ­“ 0, the pullback ι‹H pλq has multiplicity w{2, i.e.
ι‹H pλq “ w
2
Hpλq.
Proof. This follows from Lemma 2.1, Lemma 2.2 and Lemma 2.3. 
Moreover, the map (2.1) sends “cusps on DL” to “cusps on DLQ”, so the pullback
of a cusp form on DLQ to DL by (2.1) is also a cusp form; see [16, Proposition 2] for
details.
Lemma 2.5.
ι
` ď
˘rPL:primitive
τrPrUpLq or ´τrPrUpLq
Hprq˘ Ă ď
˘rPLQ:primitive
σrPrOpLQq or ´σrPrOpLQq
H prq.
Moreover, if there do not exist the reflection vectors other than p´2q-vectors, then we
have
ι
` ď
rPL, xr,ry“´1
Hprq˘ “ ď
˘rPLQ:primitive
σrPrOpLQq or ´σrPrOpLQq
H prq “
ď
rPLQ, pr,rq“´2
H prq.
Proof. Let τr be the reflection with respect to r. We have for any ℓ P L,
τrpℓq “ ℓ´ 2xℓ, ryxr, ry r
and
σrpℓq “ ℓ´ 2pℓ, rqpr, rq r
“ ℓ´ 2TrF {Qxℓ, ry
TrF {Qxr, ry r.
So we have to show that if xr, ry divides 2xℓ, ry, then TrF {Qxr, ry divides 2TrF {Qxℓ, ry.
Now by the property of the Hermitian form x , y, we have xr, ry is real. Hence
TrF {Qxr, ry “ 2xr, ry, so TrF {Qxr, ry divides 2TrF {Qxℓ, ry. If pr, rq “ ´2, then xr, ry “
´1 by the same discussion, and p´1q-vectors are always reflective vectors in the unitary
group. This concludes the second assertion.

Remark 2.6. By Lemma 2.5, the pullback of a modular form vanishing on ramification
divisors on DLQ is also a modular form vanishing on ramification divisors on DL.
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3. Singularities of unitary Shimura varieties
In this section, we shall prove that FLpΓq has canonical singularities. First, we
recall the Reid-Shepherd-Barron-Tai criterion; see [6], [24] for details.
A Q-factorial normal variety is said to have canonical singularities if for any positive
integer r ě 1 and for a resolution of singularities ǫ : X 1 Ñ X , one has that ǫ‹pωbrX1 q “
OXprKXq.
Let V :“ Cm and G Ă GLpV q be a finite group. For an order m element g P G,
we write ξa1, . . . , ξam for the eigenvalues of g on V . Here ξ is a primitive m-th root of
unity and 0 ď ai ă n be non-negative integers. We define the age of g as follows:
Apgq :“
mÿ
i“1
ai
n
.
An element of finite order in GLpV q is called a quasi-reflection if n ´ 1 eigenvalues is
1. It is called reflection if the remaining eigenvalue is ´1.
Theorem 3.1 (The Reid-Shepherd-Barron-Tai criterion). Assume that G acts on V
without quasi-reflections. Then the quotient V {G has canonical singularities if and
only if Apgq ě 1 for any g ‰ 1.
Proof. See [6, Theorem 7.4]. 
In the following, we shall show FLpΓq has canonical singularities. Let notation be
as in Section 2. Let Γ Ă UpLqpZq be a finite index subgroup.
We take rws P DL and define W :“ Cw Ă LC. Let S :“ pW ` W qK X L and
T :“ SK Ă L.
Lemma 3.2. SC X TC “ t0u
Proof. First
SC X TC Ă SC X SKC .
Now, if the restriction of x , y to SC is non-degenerate, then
SC X SKC “ pW `W qK X pW `W q “ t0u
So it suffices to show that the restriction x , y|W`W is non-degenerate. IfW “ W , then
x , y|W is non-degenerate since xw,wy ą 0. So we may assume that W XW “ t0u.
Also we may assume that rws “ p1, y1, . . . , ynq P DL and Hermitian form corresponds
to the diagonal matrix diagp1,´1, . . . , 1q where yi P C for 1 ď i ď n. Then
xw,wy “ 1´ p|y1|2 ` ¨ ¨ ¨ ` |yn|2q ą 0,
xw,wy “ 1´ py21 ` ¨ ¨ ¨ ` y2nq,
xw,wy “ 1´ p|y1|2 ` ¨ ¨ ¨ ` |yn|2q.
We define the inner product matrix
A :“
ˆ xw,wy xw,wy
xw,wy xw,wy
˙
.
Here x , y|W‘W is non-degenerate if and only if detpAq ‰ 0. So we assume detpAq “ 0.
Then we get
p1´ p|y1|2 ` ¨ ¨ ¨ ` |yn|2qq2 “ p1´ py21 ` ¨ ¨ ¨ ` y2nqqp1´ py21 ` ¨ ¨ ¨ ` y2nqq.
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This is equivalent to
nÿ
k“1
pyk ´ ykq2 “
ÿ
1ďiăjďn
pyiyj ´ yiyjq2.
Now we put
yℓ “ aℓ `
?´1 bℓ p1 ď ℓ ď n, aℓ, bℓ P Rq.
Then we have
nÿ
k“1
b2k “
ÿ
1ďiăjďn
paibj ´ ajbiq2 ď p
nÿ
i“1
a2i qp
nÿ
j“1
b2j q.
The last inequality follows from Lagrange’s identity. So if
řn
j“1 b
2
j ‰ 0, then 1 ăřn
i“1 a
2
i . On the other hand, the inequality xw,wy ą 0 induces
nÿ
i“1
a2i ă 1´ p
nÿ
j“1
b2j q ă 1,
so this is contradiction. Hence we get
řn
j“1 b
2
j “ 0, equivalently, yi P R for all i. This
means w “ w. However, this contradicts to the assumption W XW “ t0u.

We put
G :“ StabΓprwsq :“ tg P Γ | grws “ rwsu.
For g P G, we write gw “ αpgqw and define G0 be the subgroup which acts on w
trivially.
G0 :“ tg P G | gw “ wu.
Then G acts on S and T .
Lemma 3.3. G0 acts on TQ trivially.
Proof. For x P TQ and g P G0,
xw, xy “ xgpwq, gpxqy “ xw, gpxqy.
So we get
x´ gpxq P TQ X ppW `W qK X LQq “ TQ X SQ “ t0u.

Now, G{G0 is a subgroup of AutpW q – Cˆ, so this is a cyclic group
µr :“ ta P Cˆ | ar “ 1u
of order r. Let m and r be orders of g and αpgq respectively. For any positive integer
n, there is a unique faithful irreducible representation Vr of dimension ϕprq over Q
of µr. Here ϕprq is the Euler’s totient function. The eigenvalues of the action of a
generator of µr on Vr is a primitive r-th root of unity.
Lemma 3.4. As a G{G0-module, TQ applies as a direct sum of irreducible represen-
tations Vr.
Proof. For g P G with g R G0 and x P TQ, it suffices to show that if αpgq ‰ 1 and
gpxq “ x, then x “ 0. Now
xw, xy “ xgpwq, gpxqy “ αpgqxw, xy,
so xw, xy “ 0. This means x P SC X TC “ 0. 
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To investigate the singularities of FLpΓq, we shall consider the tangent space of DL
at rws P DL:
V :“ TrwsDL – HompW,WKq.
We put ξ :“ expp2π?´1{mq. Then the eigenvalues of the action of g P G on V are
ξa1 , . . . , ξan where 0 ď ai ă m. We recall the age of g is defined by
Apgq :“
nÿ
i“1
ai
m
.
We put tau :“ a ´ tau for a rational number a.
Proposition 3.5. Let g P G. Assume that g does not act on V as a quasi-reflection
and ϕprq ą 2. Then Apgq ą 1.
Proof. Let k1, . . . , kϕprq be integers such that 0 ă ki ă r and pki, rq “ 1. We put
αpgq “ ξmk1r , αpgq “ αpgq´1 “ ξmk2r , k1 ` k2 ” 0 mod r.
Let V wr be a Q-irreducible subrepresentation of g on LC which contains w. This is the
smallest g-invariant complex subspace of LC which is defined over Q and contains w.
We remark V wr is a direct sum of Vr bQ C. We claim
tv P LC | gv “ ξ
mki
r v, i ‰ 1u Ă WK.
We pick v from the left hand side. Then
xv, wy “ xgpvq, gpwqy “ ξmkir αpgqxv, wy “ ξmkir ξmk2r xv, wy.
So if i ‰ 1, xv, wy “ 0, and this finishes a proof of the claim. Therefore
tξmkir | i ‰ 1u Ă teigenvalues of g on V wr XWKu.
This induces
tαpgq´1ξmkir | i ‰ 1u Ă teigenvalues of g on HompW,V wr XWKqu.
Here
αpgq´1ξmkir “ ξmk2r ξmkir ,
so we obtain
Apgq ě
ϕprqÿ
i“2
tk2
r
` ki
r
u.
Now Proposition 3.5 follows from Lemma 3.6. 
Lemma 3.6. Let k1, . . . , kϕprq be integers such that 0 ă ki ă r and pki, rq “ 1, in
some order such that k2j ` k2j´1 “ r for all j. If ϕprq ą 2, then
ϕprqÿ
i“2
tk2
r
` ki
r
u ą 1.
Proof. If k2 ă k2j´1 ă r2 or k2 ă k2j ă r2 for some j ě 2, then
tk2
r
` k2j´1
r
u ` tk2
r
` k2j
r
u “ 2k2 ` r
r
ą 1.
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If r
4
ă k2 ă r2 or 3r4 ă k2 ă r, then
tk2
r
` k3
r
u ` tk2
r
` k4
r
u ” 2k2
r
mod 1.
Hence
tk2
r
` k3
r
u ` tk2
r
` k4
r
u ą 1
2
.
On the other hand,
tk2
r
` k2
r
u ” 2k2
r
mod 1,
so
tk2
r
` k2
r
u ą 1
2
.
Therefore
ϕprqÿ
i“2
tk2
r
` ki
r
u ą 1
If r
2
ă k2 ă 3r4 , then
tk2
r
` k3
r
u ` tk2
r
` k4
r
u “ 2k2
r
ą 1.
The remaining case is k2 ă r4 and k2j´1, k2j R pk2, r2q for any j ě 2. This means
there is no integer a such that r
4
ă a ă 3r
4
and pa, rq “ 1. We shall show that this case
does not occur. In the following, we assume this condition is satisfied. If r ą 9, then
2r r
4
s ă t3r
4
u. By Bertrand’s Postulate [14, Theorem 418], there is a prime number q
such that
r
r
4
s ă q ă 2rr
4
s
Hence we have
r
4
ă q ă 3r
4
.
By assumption, r is divisible by q. Hence we can write r “ 2q or r “ 3q. When r “ 2q,
one of q ˘ 2 is in the range p r
4
, 3r
4
q, which contradicts the assumption. When r “ 3q,
one of q ˘ 1 and q ˘ 2 is in the range p r
4
, 3r
4
q, which contradicts the assumption.
Therefore it remains to consider the case where r is a positive integer satisfying
1 ď r ď 9 and ϕprq ą 2. This means r “ 5, 7, 8 or 9. For these r, there is an integer
a satisfying r
4
ă a ă 3r
4
and pa, rq “ 1, which contradicts the assumption. See the
following table which summarizes integers a in p r
4
, 3r
4
q coprime to r .
r p r
4
, 3r
4
q a
5 p5
4
, 15
4
q 3
7 p7
4
, 21
4
q 2
8 p2, 6q 3
9 p9
4
, 27
4
q 4

Proposition 3.7. Let g P G. Assume that g does not act on V as a quasi-reflection
and r “ 1 or 2. Then Apgq ě 1.
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Proof. If g2 act on V trivially, then ´1 appears at least 2 times in the eigenvalues
of g on V since g does not act as a quasi-reflection. Hence Apgq ě 1. So we may
assume m ą 2. By Lemma 3.3, g2 acts on TC trivially, so g2 acts on TC non-trivially.
Therefore, when we write SC “ ‘dVd Ă WK, there exists a positive integer d satisfying
d ą 2. Here HompW,Vd bQ Cq Ă V , so the representation of g is
αpgq´1Vd “
#
Vd pr “ 1q
´Vd pr “ 2q.
So picking eigenvalues ˘ξa and ˘ξm´a, we obtain Apgq ě 1. 
Theorem 3.8. Let g P G. Assume that g does not act on V as a quasi-reflection and
n ą 3. Then Apgq ě 1.
Proof. By Proposition 3.5 and Proposition 3.7, we may assume ϕprq “ 2, i.e. r P
t3, 4, 6u.
Let vd is the multiplicity of Vd in SC as a g-module. These vd satisfies
v1 ` v2 ` 2v3 ` 2v4 ` 2v6 “ n.(3.1)
By the proof of [10, Theorem 2.10], we can write
Apgq “
ÿ
dPt1,2,3,4,6u
vd
ÿ
pa,dq“1
ta
d
` k2
r
u `
ϕprqÿ
i“2
tk2
r
` ki
r
u.(3.2)
Now we define
cw :“
ϕprqÿ
i“2
tk2
r
` ki
r
u
and
td :“
ÿ
pa,dq“1
ta
d
` k2
r
u.
We calculate cw and td corresponding to pairs pr, k2q. See the following table. Com-
bining this calculation with (3.2) and (3.1), we obtain Apgq ě 1 if n ą 3.
pr, k2q p3, 1q p3, 2q p4, 1q p4, 3q p6, 1q p6, 5q
cw 2
3
1
3
1
2
1
2
1
3
2
3
t1
1
3
2
3
1
4
3
4
1
6
5
6
t2
5
6
1
6
3
4
1
4
2
3
1
3
t3
2
3
1
3
3
2
1
2
4
3
2
3
t4
2
3
4
3
1
2
1
2
4
3
2
3
t6
2
3
4
3
1
2
2
3
1
3
2
3

Corollary 3.9. If n ą 3, then FLpΓq has canonical singularities away from the rami-
fication divisor of πΓ : DL Ñ FLpΓq.
Proof. The assertion follows from Theorem 3.1 and the above discussion. 
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Next, we work on ramification divisors. In our setting, the ramification divisors of
πΓ : DL Ñ FLpΓq are precisely the fixed loci of elements of Γ acting as quasi-reflections.
Proposition 3.10. Let g P G. Assume that h :“ gk acts on V as a quasi-reflection
and n ą 3. Then as a g-module, we have
LQ – Vn0 ‘ p‘jVnj q
where pn0, kq “ n0, 2pnj , kq “ nj for j ą 0 or 2pn0, kq “ n0, pnj , kq “ nj for j ą 0. In
particular, the element h has order 2.
Proof. See [10, Theorem 2.12]. 
Corollary 3.11. The ramification divisors of πΓ : DL Ñ FLpΓq are induced by h P
OpLq such that h or ´h is a reflection with respect to a vector in L.
Proof. See [10, Corollary 2.13]. 
We want to show FLpΓq has a canonical singularities, so need to investigate the
elements whose power is a quasi-reflection. See Lemma 3.12. For g P G, let h :“ gk
be a quasi-reflection on V . Here we take the minimal k ą 1 such that gk is a quasi-
reflection. Then g has order 2k. The eigenvalues of g on V are ξa1, . . . , ξan, where
ξ :“ expp2π
?´1
2k
q, 0 ď ai ă 2k, an is odd and ai is even for 0 ď i ă n. Let V 1 :“ V {xhy.
We remark xgy{xhy acts on V 1. Then the eigenvalues of gℓ{xhy are ξℓa1 , . . . , ξℓan´1, ξ2ℓan,
so we define
A1pgℓq :“ tℓan
k
u `
n´1ÿ
i“1
tℓai
2k
u.
Lemma 3.12. Assume that following conditions are satisfied.
‚ For any g P Γ such that gk does not act as a quasi-reflection for any k, we have
Apgq ě 1.
‚ For any g P Γ such that h :“ gk acts as a quasi-reflection for some k, we have
A1pgℓq ě 1 for all 1 ď ℓ ă k.
Then FLpΓq has canonical singularities.
Proof. We claim if V {xgy has canonical singularities for all g P G, then V {G has
canonical singularities. Let π : V Ñ V {G be a natural projection and η be a form
on regular locus pV {Gqreg of V {G. Then π‹pηq is a G-invariant regular form on
V zπ´1ppV {Gqsingq. However pV {Gqsing is a codimension ě 2 subset of V {G, so by
Hartogs’s theorem, π‹pηq is a regular form on V . By [25, Proposition 3.1], π‹pηq ex-
tends desingularization of V {G if and only if extends to V {xgy for all g P G. This
finishes a proof of the claim. We take g P G. If gk does not act as a quasi-reflection
for all k, then we apply Theorem 3.1 to V {xgy. If gk acts as a quasi-reflection for some
k, then we apply Theorem 3.1 to V 1{pxgy{xhyq – V {xgy.

Proposition 3.13. Assume n ą 4. Let g P G be an element such that gk acts on V
as a quasi-reflection for some k. Then A1pgℓq ě 1 for all 1 ď ℓ ă k.
Proof. By [10, Proposition 2.15], it suffices to show for d “ 1 or 2, and a generator
δ of Vd X L, the signature of δK is p1, n ´ 1q. Since Vd Ă S Ă wK and the signature
of wK is p0, nq, the signature of the F -vector space spanned by δ is p0, 1q. Hence the
signature of the F -vector space spanned by δK is p1, n´ 1q, 
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Corollary 3.14. If n ą 4, then FLpΓq has canonical singularities.
Proof. Combine Lemma 3.12 and Proposition 3.13. 
Remark 3.15. Gritsenko-Hulek-Sankaran obtained similar results for orthogonal Shimura
varieties. In particular, in [10, Proposition 2.7], they proved Proposition 3.5 for
ϕprq ą 4 for orthogonal Shimura varieties. We obtained better bounds for unitary
Shimura varieties.
4. Toroidal compactifications of FLpΓq
In this section, we shall study the singularities on the boundary of toroidal com-
pactifications of FLpΓq. Our unitary Shimura varieties have only 0-dimensional cusps.
We mainly refer [10, Section 2.2]. Let X be an n-dimensional smooth toric variety and
M be a character group of X . For x P X , let V :“ TxpXq be the tangent space of X
at x.
Lemma 4.1. Assume that a finite group G Ă GLpMq acts on X . Then X{G has
canonical singularities.
Proof. This follows from Proposition 4.2 and Lemma 4.3; see [10, Theorem 2.17]. We
remark that the proof given by Gritsenko-Hulek-Sankaran needs to be modified; see
[21, Remark A.8]. 
Proposition 4.2. For g ‰ 1 P G, if g does not act as a reflection, then Apgq ě 1.
Proof. If there exists a positive integer d ą 0 such that ϕpdq ą 1 and Vd Ă V , then
the conjugates of eigenvalues contributes to Apgq, so Apgq ě 1. Otherwise, we can
write V “ pn´sqV1bsV2, but if s ą 1, then the same reason as above leads Apgq ě 1,
so we may assume s “ 1. However this means g is a reflection. 
Lemma 4.3. Let g P G be an element such that g ­“ 1, the order of g is an even
integer 2k ą 2, and gk acts as a reflection. Then A1pgℓq ě 1 for any 1 ď ℓ ă k.
Proof. Because 2k ą 2, there exists a positive integer d ą 0 such that ϕpdq ě 2
and Vd Ă V . We assume gk is a reflection, so the eigenvalues of gk on Vd are all 1.
Therefore a pair of conjugate eigenvalues of gℓ on Vd contributes 1 to A
1pgℓq.

Lemma 4.4. Let g P G be as in Proposition 4.2 or Lemma 4.3. Then there is no
divisor in the boundary XzT which is not fixed pointwise by a non-trivial element of
xgy.
Proof. See [10, Lemma 2.20]. 
Theorem 4.5. There is a toroidal compactification FLpΓq of FLpΓq such that FLpΓq
has canonical singularities on the boundary FLpΓqzFLpΓq and there does not exist
ramification divisors in the boundary components.
Proof. Combine Lemma 4.1 and Lemma 4.4. 
Remark 4.6. Gritsenko-Hulek-Sankaran [10, Corollary 2.21] showed Theorem 4.5 for
orthogonal Shimura varieties.
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5. Modular forms vanishing on ramification divisors
In this section, we introduce modular forms vanishing on ramification divisors and
construct them, by using the quasi-pullback of the Borcherds form Φ12.
For a quadratic lattice M over Z, we definerOpMq :“ tg P OpMqpZq | g|M_{M “ idurO`pMq :“ rOpMq XO`pMqpZq.
Here we denote by O`pMq the index 2 subgroup of the integral orthogonal group
OpMq preserving a connected component DM of
tw P PpM bZ Cq | pw,wq “ 0, pw,wq ą 0u.
Let MkpΓ, χq and SkpΓ, χq be the spaces of modular forms and cusp forms of weight
k on DL with respect to Γ and a character χ. We also define MkpΓ1, χq and SkpΓ1, χq
to be the spaces of modular forms and cusp forms of weight k on DM with respect to
Γ1 and a character χ, where Γ1 Ă O`pMqpZq is a finite index subgroup.
The importance of modular forms vanishing on ramification divisors are firstly re-
ferred in [10].
Similarly as in the case of orthogonal Shimura varieties, we can prove that a uni-
tary Shimura variety is of general type if there exists a modular form vanishing on
ramification divisors by the same way as [10].
Theorem 5.1. Let n ą 4. If SnpΓ, detq ‰ 0, then the Kodaira dimension of FLpΓq is
non-negative. Moreover, if there exists a non-zero cusp form F0 P SkpΓ, χq of weight
k ă n which vanishes on ramification divisors, then FLpΓq is of general type.
Proof. The first assertion is a consequence of Freitag’s criterion; see [7].
The second assertion is proved by the similar way as [10, Theorem 1.1]. We combine
Corollary 3.14, Theorem 4.5 and “the low weight cusp form trick”.
We take a neat subgroup Γ0 Ă Γ of finite index and set G :“ Γ{Γ0. By Corol-
lary 3.14 and Theorem 4.5, we take a toroidal compactification FLpΓq with canonical
singularities and no ramification divisors in the boundary components. Let FLpΓ0q
be the toroidal compactification of FLpΓ0q given by the same choice of fan as for
FLpΓq. Then FLpΓq “ FLpΓ0q{G. Let R be the ramification divisor of the map
FLpΓ0q Ñ FLpΓ0q{G.
Let the order of χ be N , which is finite as remarked in [10, Theorem 1.1]. We put
m :“ Nt for an integer t ą 0. Then we consider a modular form Hmn P MmnpΓ, 1q of
weight mn of the form
Hmn :“ Fm0 Fpn´kqm
where Fpn´kqm P Mpn´kqmpΓ, 1q is a modular form of weight pn ´ kqm ě m. We claim
that Hmn defines a pluricanonical form on FLpΓq. As in the proof of [10, Theorem
1.1], it suffices to show that Hmn vanishes on cusps and ramification divisors with at
least order m. We remark that since FLpΓq has canonical singularities by Corollary
3.14 and Theorem 4.5, we do not need to treat elliptic obstructions.
First, since F0 is a cusp form, Hmn vanishes at cusps with at least order m. Hence
we have Hmn P SmnpΓ, 1q.
Second, since SupppRq Ă SupppdivpF0qq, the modular form Hmn vanishes at ramifi-
cation divisors with at least order m.
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Hence Fm0 Mpn´kqmpΓ, 1q is a subspace of H0pFLpΓq, pKFLpΓqqbmq. On the other
hand, by the Hirzebruch-Mumford proportionality principle, the dimension ofMpn´kqmpΓ, 1q
grows likemn whenmÑ8. (When Γ is neat, it follows from [23, Corollary 3.5]. When
Γ is not neat, we can prove it by the Atiyah-Bott fixed point theorem by the same
way as [11, Proposition 1.2] and [25, Proposition 2.1].)
Therefore we conclude that FLpΓq is of general type. 
We use modular forms vanishing on ramification divisors to prove certain Shimura
varieties are of general type in Section 6. We construct such modular forms by using
Borcherds lift Φ12 of the inverse of the Ramanujan tau function ∆; see [3], [4], [10]
and [13]. Recall that Φ12 is the unique (up to constant) modular form of weight 12
and character det with respect to O`pII2,26q. Namely, we have
Φ12 P M12pO`pII2,26q, detq.
It is known that Φ12 vanishes on special divisors with respect to p´2q-vectors with
multiplicity 1.
We want to use the restriction of Φ12 to the Hermitian symmetric domains of lower
rank quadratic lattices, but it is often identically zero. So we introduce the “quasi-
pullback” of modular forms. Let S be a primitive quadratic sublattice of II2,26 of
signature p2, sq for s ě 1. If r P SK satisfies r2 “ ´2, then the restriction of Φ12 to
DS is identically 0. Thus, before restricting the function, we divide Φ12 by functions
defined by p´2q-vectors in the orthogonal complement SK of S in II2,26. We put
RS :“ tr P II2,26 | r2 “ ´2, pr, Sq “ 0u.
Then we have rpSKq “ #RS, where rpSKq denotes the number of p´2q-vectors in SK.
Now we define the quasi-pullback of Φ12 as
Φ12|S :“
˜
Φ12pZqź
rPRS{t˘1u
pZ, rq
¸ˇˇˇˇ
ˇ
DS .
Then this is a non-zero modular form of weight 12 ` rpSKq{2. Moreover, it is a cusp
form if RS is non-empty.
Lemma 5.2. If RS is non-empty, then the quasi-pullback Φ12|S is a cusp form of
weight 12` rpSKq{2, i.e.
Φ12|S P S12`rpSKq{2prO`pSq, detq.
Proof. See [13, Corollary 8.21]. 
For applications to the Kodaira dimension, we need to construct modular forms
vanishing on ramification divisors on DS whose weight is less than s.
Lemma 5.3. Let Λ be an even unimodular lattice of signature pn`, n´q and Λ1 be an
even lattice of signature pm`, m´q. If m˘ ă n˘ and
ℓpΛ1q ` 2 ď pn` ` n´q ´ pn` ` n´q,
then there exists a primitive embedding Λ1 ãÑ Λ, which is unique up to isometries of
Λ.
Proof. See [17, Chapter 14, Theorem 1.12]. 
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Remark 5.4. By Lemma 5.3, we get an embedding S ãÑ II2,26 for the lattices in
Lemma 5.6 and such an embedding is unique up to isometry. We refer the proof of
[13, Proposition 8.22].
Lemma 5.5. Assume that rpSKq ă rpSKr q holds for any r P S satisfying ´σr P rO`pSq,
where Sr Ă S is the orthogonal complement of r in S. Then the quasi-pullback Φ12|S
is a modular form of weight 12 ` rpSKq{2 vanishing on the ramification divisors of
DS Ñ rO`pSqzDS. Moreover, if rpSKq ­“ 0, it is a cusp form.
Proof. See the proof of [13, Proposition 8.22]. 
Lemma 5.6. Let SK be one of the lattices
A2p´1q‘k p1 ď k ď 4q, D4p´1q, A2p´1q ‘ D4p´1q, A1p´1q‘2.
Then the quasi-pullback Φ12|S is a cusp form of weight 12` rpSKq{2 vanishing on the
ramification divisors of DS Ñ rO`pSqzDS.
Proof. It is clear that rpSKq ­“ 0, so the quasi-pullback Φ12|S is a cusp form of
weight 12 ` rpSKq{2 by Lemma 5.2. By Lemma 5.5, for each SK, it suffices to show
rpSKq ă rpSKr q for any r satisfying ´σr P rO`pSq.
(1) SK “ A2p´1q
We have detpSq “ detpSKq “ 3 and S_{S “ Z{3Z. Setting m “ 0, d “ 3
in [13, Lemma 7.5], we get detpSrq “ 1{2, 2, 3, so detpSrq “ 2 or 3. See also
[13, Proposition 7.18]. We remark that Sr is a negative definite even quadratic
lattice of signature p0, 3q. By [5, Table 1], the following quadratic lattices are
possible cases of SKr p´1q:
A1 ‘ x1y ‘ x1y A2 ‘ x1y x3y ‘ x1y ‘ x1y.
However these quadratic lattices are not even. Hence there does not exist an
r P S such that ´σr P rO`pSq.
(2) SK “ A2p´1q‘k for 2 ď k ď 4
We have detpSq “ detpSKq “ 3k and S_{S “ pZ{3Zqk. By [13, Proposition
7.18], there does not exist an r P S such that ´σr P rO`pSq.
(3) SK “ D4p´1q
We have detpSq “ detpSKq “ 4 and S_{S “ pZ{2Zq2. Setting pm, dq “
p1, 2q, p2, 1q in [13, Lemma 7.5], we get detpSrq “ 2, 4, 8 or 16. We remark that
Sr is a negative definite even quadratic lattice of signature p0, 5q. By [5, Table
1], the following even quadratic lattices are possible cases of SKr p´1q:
D5 A1 ‘ D4 A1 ‘ A1 ‘ A3.
The number of p´2q-vectors are 42, 26 and 16 respectively. Since SK Ă SKr ,
in general, we have rpSKq ě rpSKr q, so A1 ‘ A1 ‘ A3 does not appear. The
remaining two quadratic lattices satisfy the condition.
(4) SK “ A2p´1q ‘ D4p´1q
We have detpSq “ detpSKq “ 12 and S_{S “ pZ{2Zq2 ‘ Z{3Z. Setting
pm, dq “ p2, 3q in [13, Lemma 7.5], we get detpSrq “ 4, 8 or 16. We remark
that Sr is a negative definite even quadratic lattice of signature p0, 7q. By [5,
Table 1], the following even quadratic lattices are possible cases of SKr p´1q:
D7 A1 ‘ D6 A7 rD6 ‘ x8ys2
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rE6 ‘ x24ys3 A3 ‘ D4 A1 ‘ A1 ‘ D5 D6 ‘ A4 A1 ‘ rD5 ‘ x8ys2
rD6 ‘ x16ys2 rA6 ‘ x112ys7 rA4 ‘ A‘21 ‘ x80ys10 rD4 ‘ A2 ‘ x48ys6
rA5 ‘ x112ys3 rA23 ‘ x4ys2 rD5 ‘ x4y‘2s2 rA3 ‘ A‘41 s2
rD4 ‘ A‘21 ‘ x4ys2,
where rMsn denotes an overlattice of order n of M . These quadratic lattices
satisfy the condition.
(5) SK “ A1p´1qK
We have detpSq “ detpSKq “ 4 and S_{S “ pZ{2Zq2. Setting pm, dq “
p1, 2q, p2, 1q in [13, Lemma 7.5], we get detpSrq “ 2, 4, 8 or 16. We remark that
Sr is a negative definite even quadratic lattice of signature p0, 3q. By [5, Table
1], the following even quadratic lattices are possible cases of SKr p´1q:
A3 A
‘3
1 A1 ‘ rA‘21 ‘ x16ys2 rA2 ‘ x48ys3.
These quadratic lattices satisfy the condition.

By Lemma 5.2 and Lemma 5.6, Φ12|S is a cusp form vanishing on ramification
divisors on DS with S
K “ A1p´1q2,A2p´1qk for 1 ď k ď 4, D4p´1q and A2p´1q ‘
D4p´1q. Their weight are 14, 15, 18, 21, 24, 24 and 27 respectively. See the following
table.
SK A1p´1q‘2 A2p´1q A2p´1q‘2 A2p´1q‘3 A2p´1q‘4 D4p´1q
weight 14 15 18 21 24 24
SK A2p´1q ‘D4p´1q
weight 27
6. An application to the Kodaira dimension
Now we shall give an application to the Kodaira dimension.
Theorem 6.1. Let L be an even Hermitian lattice of signature p1, nq and LQ be
an associated quadratic lattice of signature p2, 2nq as above. We assume that there
exists a primitive embedding of LQ into II2,26 such that rppLQqKq ą 0 and one of the
following conditions is satisfied.
(1) F “ Qp?´1q and n ą rppLQqKq{4` 6.
(2) F “ Qp?´3q and n ą rppLQqKq{6` 4.
Moreover, assume that rppLQqKq ă rppLQqKr q is satisfied for any r P LQ such that
´σr P rO`pLQq. Then the unitary Shimura variety FLprUpLqq is of general type.
Proof. For F “ Qp?´1q, the quasi-pullback Φ12|LQ is a cusp form of weight 12 `
rppLQqKq{2 by Lemma 5.2. Since rppLQqKq ă rppLQqKr q, it vanishes on the ramification
divisors by Lemma 5.5. Since OˆF “ t˘1, ˘
?´1u, by Lemma 2.4, the multiplicity
of every irreducible component is 2. Hence we can take a square root of ι‹pΦ12|LQq,
which is a modular form of weight 6` rppLQqKq{4 for some character vanishing on the
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ramification divisors. Since 6 ` rppLQqKq{4 ă n, by Theorem 5.1, we conclude that
FLprUpLqq is of general type.
Similarly, for F “ Qp?´3q, the quasi-pullback Φ12|LQ is a cusp form of weight
12 ` rppLQqKq{2 vanishing on the ramification divisors. Since OˆF “ t˘1, ˘ω, ˘ω2u
where ω is a primitive third root of unity, we can take a third root of ι‹pΦ12|LQq,
which is a cusp form of weight 4 ` rppLQqKq{6 for some character vanishing on the
ramification divisors. Since 4 ` rppLQqKq{6 ă n, by Theorem 5.1, we conclude that
FLprUpLqq is of general type. 
As an application of Theorem 6.1, we prove Theorem 6.2.
Theorem 6.2. Let L be an even Hermitian lattice and LQ be an associated quadratic
lattice. Assume that there exists a primitive embedding of LQ into II2,26, and one of
the following conditions is satisfied
(1) F “ Qp?´1q and the orthogonal complement pLQqK of LQ in II2,26 is isometric
to A1p´1q‘2 or A2p´1q‘2.
(2) F “ Qp?´3q and the orthogonal complement pLQqK of LQ in II2,26 is isometric
to A2p´1q‘k (1 ď k ď 4), D4p´1q or A2p´1q ‘ D4p´1q.
Then the unitary Shimura variety FLprUpLqq is of general type.
Proof. By Lemma 5.6, the quasi-pullback Φ12|LQ is a cusp form of weight 12 `
rppLQqKq{2 vanishing on the ramification divisors of DLQ Ñ rO`pLQqzDLQ . It is enough
to check the assumption (1) or (2) of Theorem 6.1.
The signature of L and the weight of modular forms are summarized in the following
table.
F Qp?´1q
signature of L (1,12) (1,11)
pLQqK A1p´1q‘2 A2p´1q‘2
weight of a square root of
ι‹pΦ12|LQq
7 9
F Qp?´3q
signature of L (1,12) (1,11) (1,10) (1,9)
pLQqK A2p´1q A2p´1q‘2 A2p´1q‘3 A2p´1q‘4
weight of a third root of
ι‹pΦ12|LQq
5 6 7 8
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F Qp?´3q
signature of L (1,11) (1,10)
pLQqK D4p´1q A2p´1q ‘ D4p´1q
weight of a third root of
ι‹pΦ12|LQq
8 9
By Theorem 6.1, the unitary Shimura varieties associated with the above Hermitian
lattices are of general type. 
Remark 6.3. If F is an imaginary quadratic field different fromQp?´1q andQp?´3q,
we have OˆF “ t˘1u. By Lemma 2.4, the multiplicity of every irreducible component
is 1. We cannot take a square (or third) root of ι‹pΦ12|LQq. Hence we cannot apply
Theorem 5.1 to show that unitary Shimura varieties over F are of general type.
7. Examples
We give examples of Hermitian lattices satisfying the conditions in Theorem 6.2.
(See also [22, Appendix A].)
7.1. Examples of Hermitian lattices over Zr?´1s. We take a Hermitian lattice
pMII2,26 , x , yq over Zr
?´1s such that the associated quadratic lattice pMII2,26qQ is
isometric to II2,26 :“ U‘2 ‘ E8p´1q‘3.
For example, we may take
pMII2,26 , x , yq :“ pZr
?´1s‘14, A‘Bp´1q‘3q,
where
A :“
ˆ
0 ´?´1?´1 0
˙
and
B :“
¨˚
˚˚˚˚
˚˝
1 ´
?´1
2
´
?´1
2
1
2
?´1
2
1 1
2
?´1
2
?´1
2
1
2
1 1
2
1
2
´
?´1
2
1
2
1
‹˛‹‹‹‹‹‚.
The matrix B is taken from [18, p.373]. Then we obtain
pMII2,26qQ “ pZ‘28, AQ ‘BQp´1q‘3q,
where
AQ :“
¨˚
˚˝ 0 0 0 ´10 0 1 0
0 1 0 0
´1 0 0 0
‹˛‹‚
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and
BQ :“
¨˚
˚˚˚˚
˚˚˚˚
˝
2 0 0 ´1 0 ´1 1 0
0 2 1 0 1 0 0 1
0 1 2 0 1 0 0 1
´1 0 0 2 0 1 ´1 0
0 1 1 0 2 0 1 0
´1 0 0 1 0 2 0 1
1 0 0 ´1 1 0 2 0
0 1 1 0 0 1 0 2
‹˛‹‹‹‹‹‹‹‹‚
.
Then we have pMII2,26qQ – II2,26.
Example 7.1. We put pLA1p´1q‘2 , x , yq :“ pZr
?´1s,´1q. Then
ppLA1p´1q‘2qQ, p , qq “ pZ2,
ˆ ´2 0
0 ´2
˙
q
so that pLA1p´1q‘2qQ – A1p´1q‘2. We have a primitive embedding of Hermitian lattices
pLA1p´1q‘2 , x , yq ãÑ pZr
?´1s‘4, Bp´1qq, 1 ÞÑ p1, 0, 0, 0q.
Hence we can embed LA1p´1q‘2 ãÑ MII2,26 . The orthogonal complement of the image
satisfies the conditions in Theorem 6.2.
Example 7.2. We put
pLA2p´1q‘2 , x , yq :“ pZr
?´1s‘2,
ˆ ´1 1
2
1
2
´1
˙
q.
Then
pLA2p´1q‘2qQ, p , qq “ pZ4,
¨˚
˚˝ ´2 0 1 00 ´2 0 1
1 0 ´2 0
0 1 0 ´2
‹˛‹‚q
so that pLA2p´1q‘2qQ – A2p´1q‘2. We have a primitive embedding of Hermitian lattices
pLA2p´1q‘2 , x , yq ãÑ pZr
?´1s‘4, Bp´1qq
p1, 0q ÞÑ p1, 0, 0, 0q
p0, 1q ÞÑ p0, 0, 0,´1q.
Hence we can embed LA2p´1q‘2 ãÑ MII2,26 . The orthogonal complement of the image
satisfies the conditions in Theorem 6.2.
7.2. Examples of Hermitian lattices over Zrωs. Let ω be a primitive third root
of unity. We take a Hermitian lattice pNII2,26 , x , yq over Zrωs such that the associated
quadratic lattice pNII2,26qQ is isometric to II2,26 :“ U‘2 ‘ E8p´1q‘3. We may take
pNII2,26 , x , yq :“ pZrωs‘14, C ‘Dp´1q‘3q,
where
C :“
˜
0 ´
?´3
3?´3
3
0
¸
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D :“
¨˚
˚˚˚˚
˚˝
1 0
?´3
3
?´3
3
0 1
?´3
3
´
?´3
3
´
?´3
3
´
?´3
3
1 0
´
?´3
3
?´3
3
0 1
‹˛‹‹‹‹‹‚.
The matrix D is taken from [15, p.186]. Then we obtain
pNII2,26qQ “ pZ28, CQ ‘DQp´1q‘3q,
where CQ “ AQ and
DQ :“
¨˚
˚˚˚˚
˚˚˚˚
˝
2 1 0 0 0 1 0 1
1 2 0 0 ´1 0 ´1 0
0 0 2 1 0 1 0 ´1
0 0 1 2 ´1 0 1 0
0 ´1 0 ´1 2 1 0 0
1 0 1 0 1 2 0 0
0 ´1 0 1 0 0 2 1
1 0 ´1 0 0 0 1 2
‹˛‹‹‹‹‹‹‹‹‚
.
Then we have pNII2,26qQ – II2,26.
Example 7.3. We put pLA2p´1q‘k , x , yq :“ pZrωs,´1q‘k for 1 ď k ď 4. Then
ppLA2p´1q‘kqQ, p , qq “ pZ2,
ˆ ´2 ´1
´1 ´2
˙
q‘k
so that pLA2p´1q‘kqQ – A2p´1q‘k. We have primitive embeddings of Hermitian lattices
pLA2p´1q, x , yq ãÑ pZrωs‘4, Dp´1qq, 1 ÞÑ p1, 0, 0, 0q
and
pLA2p´1q‘2 , x , yq ãÑ pZrωs‘4, Dp´1qq
p1, 0q ÞÑ p1, 0, 0, 0q
p0, 1q ÞÑ p0, 1, 0, 0q.
Hence we can embed LA2p´1q‘k ãÑ NII2,26 for 1 ď k ď 4. The orthogonal complement
of the image satisfies the conditions in Theorem 6.2. 6.2.
Example 7.4. We put
pLD4p´1q, x , yq :“ pZrωs‘2,
˜
´1
?´3
3
´
?´3
3
´1
¸
q.
Then
ppLD4p´1qqQ, p , qq “ pZ‘4,
¨˚
˚˝ ´2 ´1 0 1´1 ´2 ´1 0
0 ´1 ´2 ´1
1 0 ´1 ´2
‹˛‹‚q
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so that pLD4p´1qqQ – D4p´1q. We have a primitive embedding of Hermitian lattice
pLD4p´1q, x , yq ãÑ pZrωs‘4, Dp´1qq
p1, 0q ÞÑ p1, 0, 0, 0q
p0, 1q ÞÑ p0, 0, 1, 0q.
Hence we can embed LD4p´1q ãÑ NII2,26 . The orthogonal complement of the image
satisfies the conditions in Theorem 6.2.
Example 7.5. We put
LA2p´1q‘D4p´1q :“ LA2p´1q ‘ LD4p´1q.
Then
pLA2p´1q‘D4p´1qqQ – A2p´1q ‘ D4p´1q.
By Example 7.3 and Example 7.4, we have a primitive embedding of Hermitian lat-
tice LA2p´1q‘D4p´1q ãÑ NII2,26 . The orthogonal complement of the image satisfies the
conditions in Theorem 6.2.
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